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283. 


ON A THEOREM RELATING TO HOMOGRAPHIC FIGURES. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. 111. (1860), 
pp. 177—180.] 


THE following theorem is not new, but I do not remember where to find it: 


Given any two homographic figures; there exists in the first figure a point S, 
which is the focus of an (ellipse or hyperbola, say an) ellipse X}; and in the second 
figure a point S, which is the focus of a (hyperbola or ellipse, say a) hyperbola >’, 
such that the points ©, S’ and the conics 5, 3” correspond to each other, and the 
conics È, =’ are so related that the foci and vertices of the one may be superimposed 
upon the vertices and foci of the other. Moreover the perpendiculars from S, S’ upon 
corresponding tangents of X, 3 will be equal. 


Write 
ery: l=ak+Bnty: E+ Rnty : wE+B'nt+y’, 

then J, m, >, p may be so determined that (w—l)+7(y—m) shall vanish with 
(E—2’)+7(n—p), for if we write 

J =a — 1a’, J’ =a — ma”, 

K=,-1p", K=- m8", 

E =i, — ly", P =y% — my”, 
we have 


(J +’) (E-A) +i- pH). 


(c@—l)+¢(y—m)= d'E+ B'n+y” , 


and therefore 
K +iK' =i(J + iJ’), 
L+iL' =(J +i) (r+ tp), 
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that is 
K=-J, K=J, 


or 
1B” + ma” wh a’ + B, 
— Id’ + mB” =—a + B’, 


whence also 
l(a” + 8”) = (een ’ + ad’ + BR”, 


m (a? + B’”?) = a’B — aß” + aa’ + BP’, 
which determine l, m; and then ^, mw are given by 


ol oe gr 
WOR NES ree er 


but more simply as follows, viz. remarking that if ¢ = 8'y” — By’, &e., so that 


E:n:1l=ar+ay+a’: be+byt+b’: cat+cy+e’, 


then we have 
A (E +c?) = be —be+act+ae, 


p (e+e) =c — ca tbe tbe; 


the equations «=l, y=m give the point S and E=), ņ=p the point 9. `The 
values of J, J are 


al 24 ca’ — e Ua —ca”+cR” 
men Spgs? a Be 
and therefore 
r TE dpo. e 


a24 8” is? 
if 

| k= V (e+ HE K =y (d + B”): 
we have therefore 


de-p+o-n)- p Ee. (*) 


Consider now the expression 
(a — l) cos X +(y—m)sinS—a, 


which made equal to 0 would be the equation of a line the perpendicular distance 
of which from S is w, and which distance is inclined at an angle Y to the axis of a; 
then 
(æ — 1) cos¥ + (y — m) sin X =} [(cos X — i sin X) {(x — 1) +i (y — m)} 
+ (cos X+ isin X) {(æ@ — l) — i (y — m)}], 
1 ; ; ; 
= —r rr [(cos 9- is -À — J+iJ’ 
TERET aa ai KE- A) + iln- a) (I +i’) 
+ (cos X + i sin 9) {((E —A) — iln — p)} (J — iJ’)] 
56—2 


www.rcin.org.pl 


444 ON A THEOREM RELATING TO HOMOGRAPHIC FIG™RES. [283 


= EFE EVK l 
a 9 (aE + Bn re y) K 
+ {cos (S—3,)+7sin (3—%)} (E—A)—2 (7 —»)}] 


cos (X — 3) — i sin (S —%)} (E-—A) +i (n—w)} 


k 
METREYE 


where J, J’ have been replaced by 


((E—2) cos (3 — 9) + (9 — u) sin ($ —9)}, 


And putting besides 


we have more simply 


(æ — l) cos X + (y — m) sin = apyg a yyK E-A o9 + - m sind}, 


whence 


(«—l)cos$+(y—m)snS -o 


SCEERRATIE (€—A)e08 8+ (9-H) sing- "(E+ Bn +y} 

K 4 = Ki K ak 11 71 1 
=p EN (0-2 )+@=») (sino =) — "A+R" RTI i. 
Write now 


a’ = K cos7, B= K sin; TES b= PAte u+); 
we have 


(a—l)cos¥+(y—m)sin&S -w 


Kb f (eos0- Z) g-a) +§ (sin 0-20) (gn) a} 


= VEER 7 FY Vb ; z 
= FER a yy E-Ne08 b+ a- u)sing-a}, 

that is 

(c—l)cosS+(y—m)sinS -w (*) 
= zpr y ey E-)008 6+ (9—n)sin g—=}, 


where it will be noticed that 


(2-1) cos$ +(y—m) sin} —a =0, 


and 
(E—A)cos ġ +(n—p)sinp -w =0, 
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are lines in the first figure and in the second figure, corresponding to each other 
and at the same distance œ from the points S, S’ respectively. Call these lines 
and 7”. 


But the relations between 0, ¢, w are given by 
w cos j =a cos 0 — bcos ¢, 
w sinj =asin  — b sin ¢, 
or, by changing the fixed axes from which 0, are respectively measured, 
w = a cos ĝ — b cos ġ, 
0 =asin 0 — b sin ¢. 
Now in these equations æ is the perpendicular distance from S upon the line 
(c«—l)cos}+(y—m)sinS3—a@=0 and 0 (which only differs from Y by a constant 
angle) is the inclination of this perpendicular to a certain fixed line; @ is also the 
perpendicular distance of the line (E—2)cos$+(y—p)sind—w=O0 from the point S, 


and ¢ is the inclination of this perpendicular to a fixed line, Eliminating successively 
$ and 0, we have 


a= acos 0—, (b?—a? sin? 0), 

w = — b cos ġ + y (a? — b? sin? ġ), 
or, as these equations may also be written, 

w? — 2wa cos 0 +a? — b = 0, 


w? + 2ab cos ġ + b — a? = 0. 


Suppose a> b, the former equation shows that the line T is a tangent to a certain 
hyperbola, and the latter equation shows that the line 7” is a tangent to a certain 
ellipse, and it is easily seen that, taking for the transverse axes the lines from which 
the angles @ and ¢ are respectively measured, the equation of the hyperbola is 


sigalg 1, 
b? a2 — b? 

and that of the ellipse is 
ee 
a2 a? — b? ? 


which are the conics =, >’ referred to in the enunciation, And if the second conic 
is superimposed upon the first in such manner that the coordinates £ 7 may belong 
to the same axes with æ, y; then the two conics will have the assumed relation, 
viz. the foci of either conic will coincide with the vertices of the other conic. 
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